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1. Introduction
Nonnegative Hamiltonian operator arises from inﬁnite dimensional Hamiltonian systems and it plays a signiﬁcant role in
mathematical physics, mechanics and theory of optimal control. Therefore, the spectral properties of nonnegative Hamilto-
nian operator have attracted considerable attention, see [1–6]. It is worth noting that Kurina [1] investigated the invertibility
of nonnegative Hamiltonian operator with bounded off-diagonal entries and obtained the suﬃcient conditions for the ev-
erywhere deﬁned bounded invertibility of nonnegative Hamiltonian operator. The purpose of present paper is to extend the
results of [1] to the case of unbounded off-diagonal entries and we will show the following two conclusions:
(I) The diagonal dominant case: Let H =
[
A B
C −A∗
]
: D(A)×D(A∗) → X× X be nonnegative Hamiltonian operator. If 0 ∈ ρ(A)
then 0 ∈ ρ(H).
(II) The off-diagonal dominant case: Let H =
[
A B
C −A∗
]
: D(C) × D(B) → X × X be nonnegative Hamiltonian operator. If
0 ∈ ρ(A) and the operators A(C − λ)−1, A∗(B − λ)−1 are compact for some λ ∈ R− then 0 ∈ ρ(H), where R− denotes the
set of negative numbers.
Throughout this paper, the symbol X will always denotes a complex Hilbert space. ρ(T ) and σ(T ) denote the resolvent
set and the spectrum of closed linear operator T , i.e.
ρ(T ) = {λ ∈ C : T − λ is bijective}.
Therefore, the spectrum σ(T ) = C \ ρ(T ) can be divided into the following three distinct subsets:
σp(T ) = {λ ∈ C : T − λ is not injective},
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{
λ ∈ C : T − λ is injective, R(T − λ) = X},
σc(T ) =
{
λ ∈ C : T − λ is injective, R(T − λ) = X and R(T − λ) = X}.
Furthermore, let σap(T ) denotes the set of approximate point spectra, then
σ(T ) = σap(T ) ∪ σr,1(T ),
where
σap(T ) =
{
λ ∈ C : ∃{xn}+∞n=1 ⊂ D(T ), ‖xn‖ = 1, n = 1,2, . . . , (T − λ)xn → 0, n → +∞
}
and
σr,1(T ) =
{
λ ∈ σr(T ): R(T − λ) is closed
}
.
2. Preliminaries
We start with the following statement:
Deﬁnition. Let H =
[
A B
C −A∗
]
: D(H) ⊂ X × X → X × X be densely deﬁned closed operator, where A, B , C are densely
deﬁned closed operators and B , C are self-adjoint operators. Then the operator H is called inﬁnite dimensional Hamiltonian
operator. In addition, if B , C are nonnegative then H is called nonnegative Hamiltonian operator.
Let T and A be operators with the same domain space X such that D(T ) ⊂ D(A) and
‖Au‖ a‖u‖ + b‖T u‖, u ∈ D(T ), (1)
where a, b are nonnegative constants. Then we shall say that A is relatively bounded with respect to T or simply T -
bounded. The greatest lower bound b0 of all possible constants b in relation (1) will be called the relative bound of A with
respect to T or simply the T -bound. Obviously, a bounded operator A is T -bounded for any T with D(T ) ⊂ D(A), with
T -bound equal to zero.
Lemma 2.1. (See [7].) Let X , Y denote Banach spaces, and let T : D(T ) ⊂ X → Y be a densely deﬁned closed operator. Suppose
A is a T -bounded operator such that A∗ is T ∗-bounded, with both relative bounds smaller than one. Then T + A is closed, and
(T + A)∗ = T ∗ + A∗ .
Lemma 2.2. (See [8].) Let T , S (ρ(T ) = φ) be densely deﬁned closed operator in space X. Then for some (hence for all) λ ∈ ρ(T ) the
operator (T − λ)−1S is bounded on D(S) if and only if D(T ∗) ⊂ D(S∗).
3. Main results
Theorem 3.1. Let H =
[
A B
C −A∗
]
: D(A) × D(A∗) → X × X be nonnegative Hamiltonian operator. If 0 ∈ ρ(A) then 0 ∈ ρ(H).
Proof. In view of D(A) ⊂ D(C), D(A∗) ⊂ D(B), we have
lim
λ→∞
∥∥S(T − iλ)−1∥∥= 0,
where
T =
[
0 −A∗
−A 0
]
, S =
[
C 0
0 −B
]
, J H = T + S, J =
[
0 I
−I 0
]
,
and which implies the relative bound of S with respect to T is zero. By Lemma 2.1,
( J H)∗ = (S + T )∗ = S∗ + T ∗ = J H,
that is to say, H∗ = J H J .
It is obvious, 0 /∈ σr(H). Indeed, if 0 ∈ σr(H) then 0 ∈ σp(H∗) and by H∗ = J H J , we have 0 ∈ σp(H), it is a contradiction.
Suppose 0 ∈ σap(H), then there exist un =
[
xn
yn
]
∈ D(H), ‖un‖ = 1, n = 1,2, . . . such that
[
A B
C −A∗
][
xn
y
]
→ 0 for n → +∞.n
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Axn + Byn → 0 and Cxn − A∗ yn → 0. (2)
Taking inner product of the ﬁrst relation by yn on the right and on the second relation by xn on the left and adding the
resulting relations, we obtain
(xn,Cxn) + (Byn, yn) → 0.
Since B , C are nonnegative operators, by [9, Theorem v3.35], the operators B , C exist unique square root B
1
2 , C
1
2 and we
have
B
1
2 yn → 0 and C 12 xn → 0. (3)
If 0 ∈ ρ(A), then on account of D(A) ⊂ D(C), D(A∗) ⊂ D(B) we have D(A) ⊂ D(C 12 ), D(A∗) ⊂ D(B 12 ), by Lemma 2.2,
(A∗)−1C 12 is bounded on D(C 12 ), and A−1B 12 is bounded on D(B 12 ). Since A−1Byn = A−1B 12 (B 12 yn), and by relation (3), we
have
A−1Byn → 0.
Analogously, we also obtain (A∗)−1Cxn → 0. On the other hand, it follows from relation (2) that
xn + A−1Byn → 0 and
(
A∗
)−1
Cxn − yn → 0, (4)
and which implies
xn → 0, and yn → 0,
it is a contradiction and thus 0 ∈ ρ(H). The proof is complete. 
Theorem 3.2. Let
H =
[
A B
C −A∗
]
: D(C) × D(B) → X × X
be nonnegative Hamiltonian operator. If 0 ∈ ρ(A) and the operators A(C − λ)−1 , A∗(B − λ)−1 are compact for some λ ∈ R− then
0 ∈ ρ(H).
Proof. In view of B,C are nonnegative operators, and D(C) ⊂ D(A), D(B) ⊂ D(A∗), it is easy to show that the relative
bound of T =
[
0 −A∗
−A 0
]
with respect to S =
[
C 0
0 −B
]
is zero, therefore, H∗ = J H J and 0 /∈ σr(H), where J =
[
0 I
−I 0
]
.
If 0 ∈ ρ(A), then it is obvious that 0 /∈ σp(H). Indeed, suppose 0 ∈ σp(H) then there exists θ =
[
f
g
]
∈ D(H) such that
A f + Bg = θ and C f − A∗g = θ.
Taking inner product of the ﬁrst relation by g on the right and on the second relation by f on the left and adding the
resulting relations, we obtain
( f ,C f ) + (Bg, g) = 0.
Since B , C are nonnegative operators, therefore we have ( f ,C f ) = 0 and (Bg, g) = 0, and by [10, Lemma VII1.1], C f = θ and
Bg = θ , whence it follows that A f = θ and −A∗g = θ . Since 0 ∈ ρ(A), so f = θ and g = θ and it is a contradiction.
Noting that 0 /∈ σr(H), it suﬃces to show that 0 /∈ σc(H). In view of
JH =
[
C − λ 0
0 B − λ
]
+
[
λ −A∗
A∗ λ
]
,
where J =
[
0 I
I 0
]
, and the operators A(C − λ)−1, A∗(B − λ)−1 are compact for some λ ∈ R− , we obtain that the operator
T =
[
λ −A∗
A∗ λ
]
is relative compact with respect to S =
[
C−λ 0
0 B−λ
]
. Since the Fredholmness is preserved under compact per-
turbations, hence JH = T + S is Fredholm and thus R(H) is closed, which implies 0 /∈ σc(H), and therefore 0 ∈ ρ(H). The
proof is complete. 
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iH . By [11, Theorem 2], if 0 ∈ ρ(B) ∩ ρ(C) then 0 ∈ ρ(H), where J =
[
0 I
I 0
]
. For convenience of the reader, we give here
a simpler method of proof. It is easy to show H∗ = J H J , and therefore, 0 /∈ σr(H). Suppose 0 ∈ σap(H), then there exist
un =
[
xn
yn
]
∈ D(H), ‖un‖ = 1, n = 1,2, . . . such that
B
1
2 yn → 0 and C 12 xn → 0,
which implies xn → 0, and yn → 0, it is a contradiction.
Proposition 3.3. Let
H =
[
A B
C −A∗
]
: D(H) ⊂ X × X → X × X
be diagonal dominant or off-diagonal dominant nonnegative Hamiltonian operator. If 0 ∈ ρ(B) ∩ ρ(C) then iR ⊂ ρ(H).
Proof. When 0 ∈ ρ(B) ∩ ρ(C), by remark we can see 0 ∈ ρ(H). On the other hand, for arbitrary iλ ∈ iR , the operator
H − iλ =
[
A − iλ B
C −(A − iλ)∗
]
: D(H) ⊂ X × X → X × X
is also a nonnegative Hamiltonian operator, and therefore 0 ∈ ρ(H − iλ), which implies iR ⊂ ρ(H) and the proof is com-
plete. 
References
[1] G.A. Kurina, Invertibility of nonnegatively Hamiltonian operators in a Hilbert space, Differential Equations 37 (6) (2001) 880–882.
[2] G.A. Kurina, G.V. Martynenko, On the reducibility of a nonnegatively Hamiltonian periodic operator function in a real Hilbert space to a block diagonal
form, Differential Equations 37 (2) (2001) 227–233.
[3] T.Y. Azizov, A.A. Dijksma, On the boundness of Hamiltonian operators, Proc. Amer. Math. Soc. 2 (131) (2002) 563–576.
[4] G.A. Kurina, Invertibility of an operator appearing in the control theory for linear systems, Math. Notes 70 (2) (2001) 206–212.
[5] T.Y. Azizov, V.K. Kiriakidi, G.A. Kurina, An indeﬁnite approach to the reduction of a nonnegative Hamiltonian operator function to a block diagonal
form, Funct. Anal. Appl. 35 (3) (2001) 220–221.
[6] H. Langer, A.C.M. Ran, B.A. Wan De Rotten, Invariant subspaces of inﬁnite dimensional Hamiltonians and solutions of the corresponding Riccati equa-
tions, Oper. Theory Adv. Appl. 1 (130) (2001) 235–254.
[7] P. Hess, T. Kato, Perturbation of closed operators and their adjoints, Comment. Math. Helv. 45 (1970) 524–529.
[8] F.V. Atkinson, H. Langer, R. Mennicken, A. Shkalikov, The essential spectrum of some matrix operators, Math. Nachr. 167 (1994) 5–20.
[9] T. Kato, Perturbation Theory for Linear Operators, second corrected printing of the second edition, Springer-Verlag, Berlin, Heidelberg, New York, Tokyo,
1984.
[10] J. Bognar, Indeﬁnite Inner Product Spaces, Springer-Verlag, Berlin, Heidelberg, New York, 1974.
[11] M.S. Denisov, Invertibility of linear operators in a Krein space, Vestnik Voronezh. Gos. Univ. Math. Phys. 2 (2005) 133–137 (in Russian).
